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. Abstract: It is well known that under the color-decomposition, one- loop amplitude of gluons contains 

Tij- r partial amplitudes of single and double trace structures, and particularly all partial amplitudes of double 

^ . trace structure can be expressed as a linear combination of partial amplitudes of single trace structure. 
Using unitarity cut method, we prove that this result is the natural consequence of tree-level Kleiss-Kuijf 

■ relation. Generalizing the unitarity cut method to two-loop (triple cut in this case), we show that, unlike 

^ ■ the one- loop case, partial amplitudes of double and triple trace structures can not be expressed as a 

^ ■ linear combination of partial amplitudes of leading-color single trace structure. For partial amplitudes of 

' subleading-color single trace structure, we have shown a very nontrivial Kleiss-Kuijf relation for six and 

^ ' seven-point amplitudes, which is one new result of our paper and can not be obtained by ?7(l)-decoupling 

_Cd_' method. Mysteriously, when we consider the case of eight points, Kleiss-Kuijf relation must be modified 
for subleading-color single trace partial amplitudes. 
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1. Introduction 

Great effects have been made to explore the hidden simplicity of amplitudes in recent years. Different from 
traditional lagrangian description, new approaches, such as the unitarity cut method [||, ^, ^, ^ |5|, ^, the 
Cachazo-Svrcek-Witten (CSW) rule Q based on the twistor string theory proposed by Witten and the 
Britto-Cachazo-Feng-Witten (BCFW) on-shell recursion relation ||9|, |l^, have shown their advantages in 
the calculation of scattering amplitudes. These new methods are not only useful for calculation, but also 
for understanding many properties of amplitudes. 

For example, the well known color-reflection, C/(l)-decoupling [|l^, |l2|, |l3| and Kleiss-Kuijf (KK) re- 
lation [14|^, together with the newly discovered Bern-Carrasco- Johansson (BCJ) relation ||l^ for color- 



ordered tree-level partial amplitudes of gauge theory, have been re-understood from the point of view of 



^The KK relation has been proved by field theory method in flst and by string theory method in 
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pure field theory in ||T^, ^ (See further generahzation and discussion [21, |2^). The tree- level partial 
amplitudes are defined by the color-decomposition of full tree-level amplitude based on its color trace 

as follows 



structure T"- |11, 26 1 (or structure constant /"'"^ |1 



9 



,n-2 



Cr£Sn/Zn 



• r'^-)yl„(CS , (1-1) 

where ki,\i,ai are respectively momentum, helicity and color index of i-th external gluon, and Sn/Zn 



represents the permutations on n-particles up to cyclic ordering. The decomposition (1.1) has separated 
the dynamical information (given by the partial amplitudes) from the group information (given by trace 
structure). 



For tree- level partial amplitudes defined in (IT), because the cyclic invariant of trace, there are 
(n — 1)! partial amplitudes. However not all of these partial amplitudes are algebraic independent and 
they are related to each other by cross symmetry and other considerations. First there is nontrivial KK 
relation |14| given by 



(j&OP{a}yj{l3T} 



(1.2) 



where is the number of /3-set and the Order-Preserved(OP) sum is over all permutations of the set 
a U /S'^ where the relative ordering in each set a and ff" (which is the reversed ordering of set (3) is 
preserved^. The KK relation will reduce the number of independent partial amplitudes to (n — 2)!. Beyond 
the KK relation, there is also BCJ relation |]l^], which further reduces the number of independent partial 
amplitudes to (n— 3)!, where kinematic factors Sij = (ki+kj)'^ show up in the coefficients of the relation. The 
BCJ relation was originally observed from non-trivial Jacobi relations between s, u-channels of Feynman 
diagrams, and then proved as the imaginary part of monodromy relations in string theory [16, 17 [. This 



relation has been proved by BCFW recursion relation in pure field theory [19, & 



Beyond tree- level amplitude, a similar color decomposition can be introduced [12, y]. One loop am 



plitude can be decomposed into partial amplitudes with single trace NcTr{X) structure and double trace 
Tr(X)Tr(y) structure, while two loop amplitude can be decomposed into partial amplitudes with leading- 
color single trace N^Ti{X), subleading-color single trace Tr(X), double trace NcTT{X)Tr[Y) and triple 
trace Tr(X)Tr(y)Tr(Z) structures. For general L-loop amplitude, there are at most (L + 1) traces appear- 
ing with planar or non-planar structures p^]. 

As the case of tree-level, not all loop partial amplitudes are independent to each other. A traditional 
method to analyze their relation is to use C/(l)-decoupling equations based on the observation that photon 



^One non-trivial example of KK relation with six gluons is given as follows 

A{1, 2, 3, 6, 4, 5) = A{1, 2, 3, 5, 4, 6) + A{1, 2, 5, 3, 4, 6) + A{1, 2, 5, 4, 3, 6) 
+A{1, 5, 4, 2, 3, 6) + A{1, 5, 2, 4, 3, 6) + A{1, 5, 2, 3, 4, 6) 



(1.3) 



^An extension of BCJ relation to matter fields can be found in |27T. Other related works see 



30 31 3^ 
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will decouple from theory where there is no matter field |12|. The steps to get these relations are as 
follows. First we take one generator to be U{1), then color traces will reorganize themselves. Because the 
full amplitude vanishes and the reorganized color traces are independent to each other, the corresponding 
coefficient of each reduced color trace will be zero too. Thus we obtain a series of equations among partial 
amplitudes, which are called U{1) -decoupling equations. By solving these equations, we could express 
some partial amplitudes by other partial amplitudes. However, we know that there are relations that can 
not be discovered by C/(l)-decoupling method as given in [^] for one-loop partial amplitudes, where string 
inspired arguments have to be used. Are there other useful methods, besides C/(l)-decoupling method, for 
loop partial amplitudes? 

To answer the question, first we notice that loop-level partial amplitudes can also be studied by direct 
calculations using, for example, Feynman diagrams or other methods. Among these methods, unitarity cut 
method ]|, |2|, ^, |5|, ^ and generalized unitarity cut method |Q, 33, ^ (i.e, the leading singularity 

method) have been proved to be particularly useful to obtain loop results (especially one-loop results) from 
tree- level input^. 

Encouraged by the success of unitarity cut method in the calculation of one-loop scattering amplitudes, 
we find that just like BCFW recursion relation has been used to prove relations between tree-level partial 
amplitudes, unitarity cut method can also been used to understand relations between loop-level partial 
amplitudes. In other words, besides the C/(l)-decoupling method, there is indeed another method available 
to our investigation. 

The skeleton of this paper is as follows. In section two we study one-loop amplitude from both U{1)- 
decoupling and unitarity cut method. Especially we have reproved the KK-like relation (2.2) for one-loop 
partial amplitudes using the unitarity cut method. In section three, two-loop amplitude is investigated 
similarly, where possible KK relation for subleading-color single trace partial amplitudes is discussed for 
six, seven and eight points. In the last section, a summary is given, as well as some comments on possible 
future directions. Some calculation details and checking are given in two Appendixes. 

Notation: For simplicity, in this paper we will consider the U{N) gauge group instead of SU{N) gauge 
group. The U{N) generators are a set of hermitian N x N matrices with normalization Tr(T"T^) = 6"'^, 
and the structure constant is defined as 

[T^ T*] = z/'^^^T'^ . (1.4) 
Thus the Fierz identities of U (N) gauge theory are 

^ Tr(r"X)Tr(r°y) = Tr(Xy) , ^Tr(r"Xr"y) = Tr(X)Tr(y) , (1.5) 

a a 

where one special case is 

^TiiXT^'T'^Y) = iVcTr(Xy) . (1.6) 

a 

These relations are useful when we discuss the color structure using the unitarity cut method. 
*BCJ-like relation in loop level has also been investigated in several works, see ^ . 
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2. Partial amplitudes of one loop amplitude 



The color decomposition of loop amplitude in U (N) gauge theory can be understood from view of U (N) 



open string, whose infinite-tension limit reduces to gauge theory |12]. One can also sketch the various trace 
structures of color decomposition from arguments based on Feynman diagram analysis. Different from tree 
amplitudes, double trace structure appears in one-loop level, and the corresponding partial amplitudes 
can be expressed as linear combination of primitive (partial) amplitudes, i.e., amplitudes of single trace 
structure. Schematically, the color decomposition of n-point one-loop amplitude for U{N) gauge theory 
can be written as ||3| 

[n/2\ 

) , (2.1) 

J m=0 a&Sn/Sn-m 

where \x\ is the largest integer less than or equal to x and nj is the number of particles of spin J. The color 
structure for primitive amplitude is (For convenience we abbreviate Tr {T""^ ■ ■ ■ T""^) as Tr (ai, • • • , a„)) 

Gr„,o = iVcTr(ai,--- ,0^) , 

and for other partial amplitudes is 

Gin-m-m = Tr (ci , • • • , n - m) Tr (n - m + 1, • • • , n) . 

Sn is the set of all permutations of n objects, and Sn-m is the subset leaving Gr„_m,m invariant. If the 
gauge group is SU{N), then there is no Gr„_i^i term since Tr (Ta) = 0. However, the partial amplitude 
An-i^i is well defined and non-zero. To make An-i^i explicit in the expression, we consider U{N) gauge 
theory instead of SU{N). 

It is found that the partial amplitudes An-m,m of double trace structure Gr„_m,m("i 7^ 0) have 
algebraic relation with primitive amplitudes ^n,o of single trace, i.e., An-m,m can be expressed as linear 
combination of Anfi, thus the computing of primitive amplitudes is enough for constructing full one-loop 
amplitude. The relation is given by 

^n-m,m ("1,02, ••• ,an-m;/3l, ... ,/3m) = (-1)™" ^n,o('7), (2.2) 

a&COP{a}l}{pT} 

where is the set of /3 with reversed ordering, and COP{a} |J{/3"^} is the set of all permutations of 
{a,/3^} preserving the cyclic ordering inside the set a and but allowing all possible relative orderings 
between two sets a and /3^. This equation can be expected from analysis of open string amplitude |^2| or 
from the view of new color-decomposition discussed in [l^] . The aim of this section is to understand ( |2.2[) 
using unitarity cut method. 

Before going to details, let us give some remarks. As shown in |15|, the ( |2.2D is the direct consequence of 



color Jacobi structure at one-loop level. The Jaboci structure is easily seen from f"'^'^ but not so transparent 
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for color-ordered partial amplitudes at tree and loop levels. For example, Jacobi structure of tree-level 
color-ordered amplitude is hidden implicitly in the KK relation and BCJ relation. Our discussions in this 
section will provide another point of view to understand the same question, although our method is a little 
bit circuitous. 

2.1 Revisit of ?7(l)-decoupling method 

Before discussing the unitarity cut method, let us revisit the [/(l)-decoupling equation carefully. We will 



show that with the ?7(l)-decoupling equation, a relation such like (2^) will not emerge. Thus new thought 



is needed to understand (|2.2D . 

2.1.1 The general t/(l)-decoupling equations 

The central idea of C/(l)-decoupling equation is to choose one of generators to be U{1), then the original 



trace structure (2.1) will reorganize itself to new color trace structure. Since photon does not interact with 
others, coefficients of new color traces will be zero. 

To demonstrate, let us consider four-point amplitude which has three kinds of partial amplitudes: 
one with single trace structure ^4^0 and the other two with double trace structure, ^3^1 and ^2,2- Their 
corresponding color structures can be abbreviated as (4|0),(3|1) and (2|2). By setting one generator as 
identity, these color structures reduce to (3|0) and (2|1) as follows 

(4|0)^(3|0) , (3|1) ^ (2|1) or (3|0) , (2|2) ^ (2|1) . (2.3) 

More explicitly, with T4 being U{1), the reduced color structure (3|0) = A''cTr(l, 2, 3) gives the following 
i7(l)-decoupling equation 

^4,0(1, 2, 3, 4) + yl4,o(l, 2, 4, 3) + A4,o(l, 4, 2, 3) + ^3,1(1, 2, 3; 4) = , (2.4) 

while the reduced color structure (2|1) = Tr(l,2)Tr(3) gives (there are other (2|1) trace structures) 

A3,i(l>2,4;3) +A3,i(l,4,2;3) +^2,2(1,2;3,4) = . (2.5) 



Using the equation (2^) we can solve ^3^1 as a linear combination of ^4,0- Then together with (|2.5| ), we 
can finally solve ^2,2 as a linear combination of ^4,0- 

For general n, with trace structure (where we have put trace structure implicitly as parameters of 
partial amplitudes A) 

j^l-loop ^ N^An,o{ai, ...,an) +^ An-m,ni{(TU ...,an-ni; Pi, Pn) , (2.6) 

m 

when we take, for example, T" to be U{1), then (n — m\m) structure will reduce to either (n — m\m — 1) 
or [n — m — l|m) structures depending on where T" locates. Collecting all terms having the same reduced 
color structure we get one C/(l)-decoupling equation. By taking different reduced color structures and 
different T"" to be U{1) we can get different equations. 
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We can go further by taking more than one to be U{1). However, since after one U{1) reduction, 
ah coefficients of reduced color structures are zero aheady, taking more than one generator to be U{1) does 
not give new relations. Thus to get all independent C/(l)-decoupling equations, we just need to take one 
T"" to be U{1) with a = 1, ...,n and write down all equations obtained by this way. 

Having above general discussions, now let us write down equations obtained by taking to be 
[/(I). The reduced trace structure Tr(l, . . . ,m — l)Tr(m, . . . , n — 1) will receive contributions from partial 
amplitudes of original trace structures (n — m\m) and (n — m + l|m — 1), so the corresponding U{1)- 
decoupling equation is 

0= ^ An-m,mi(^l, ■ ■ ■ ,(^m-l,n;m, . . . ,n - I) + ^ ^„_m+l,m-l(l, . . . ,m - l;0-m, • • • jO-n-l,""-) ,(2.7) 
crG cyclic (tG cyclic 



where 1 < m < [n/2j. When m = 1, (2^) can be used to solve yl^-i,! by single trace part Anfl as 



. . . ,n - l;n) = - ^ Anfliai, . . . ,an-i,n) . 

uG cyclic 

When m = 2, ( |2.7| ) contains only one An-2,2 thus we can solve it as 

^n-2,2(l, • • • - 2;n - l,n) = - ^ An-i,i{cri, . . . ,an-2,n;n - 1) 

erg cyclic 
a£ cyclic aS cyclic 
aeCOP{l,...,n-2}U{n,n-l} 



(2.8) 



(2.9) 



Things become more complicated when m > 3. The reason is that amplitudes An-m,m always appear 
in group in ( p.T] ) and there is no way to separate them. As we will see explicitly in six-point example, 
C/(l)-decoupling equations are not enough to solve An-m,m by Anfl as given in (^), but they do give 
hints. 



2.1.2 Analysis of six-point amplitude 

As W6 h.ctv6 niGntioriGci, wIigh ui ^ 3, it is inipossiblG to solve 9^11 A^n—m^m 

by Anfl directly through U{1)- 

decoupling equations. To see it clearly, we take the simplest example where the phenomenon happens, i.e., 
the one-loop six-point amplitude. First we write down C/(l)-decoupling relation for n = 6 explicitly ||l2| as 







A5,iicri,...,a5]Q) + X ^6,0(6, cTi, ...,0-5) 



cyclic 



0= X A,i(6,o-i,...,o-4;/3i) A4,2(o-i,...,cT4;6,/3i) , 

cyclic a 

0= X A2(6,fTi,...,f73;/3i,/32) + ^3,3(fTl,...,CT3;6,/3i,/32) 

cyclic a cyclic /3 



(2.10) 
(2.11) 
(2.12) 
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where has been set as U{1) identity. Using ( 2.1C ) we can solve any A^^i by partial amplitudes ^6,0^ 

^5,1(1, 2, 3, 4, 5; 6) = -^6(6, 1, 2, 3, 4, 5) - ^6(6, 5, 1, 2, 3, 4) - ^6(6, 4, 5, 1, 2, 3) 
-^6(6,3,4,5,1,2) -^6(6, 2, 3, 4, 5,1) . 



Having the A^^i we can use ( 2.11 ) to solve ^4^2 by partial amplitudes ^6,0 as 

A4,2(l,2,3,4;5,6) = ^ ^6,0 (<t) . 

crGCOP{l,2,3,4}U{6,5} 



The tricky part is ^3,3. From equation ( 2.12 ) we have 

^3,3(1, 2, 3; 6, 4, 5) + ^3,3(1, 2, 3; 6, 5, 4) = Xi = - 714,2(6, ^1,^2,^3; 4, 5) 

cS cyclic 

^3,3(1,3,2;6,4,5)+A3,3(1,3,2;6,5,4) =X2 = - ^ ^4,2(6, ai, (73, ^2; 4, 5) 

(tG cyclic 



(2.13) 
(2.14) 

(2.15) 
(2.16) 



where Xi,X2 are, in fact, a linear combination of Aq^. Taking leg 5 or 4 to be photon we can obtain other 
two equations, which are similar to (|2.15| ) and ( p.l6|) by relabeling {4, 5, 6} — > {4, 6, 5} and {4, 5, 6} — )■ 
{6,4,5}. However, the left hand sides of ( ^.15| ) and ( 2.16 ) are invariant directly under above relabeling, 
while the invariant of the right hand sides can be seen explicitly only when expanded as a linear combination 
of ^6,0- Thus there are no new relations coming from taking J'^ U{1). 
Using Ti to be U{1) we get another equations 

^3,3(1, 2, 3; 4, 5, 6) + ^[3,3(1, 3, 2; 4, 5, 6) = Xi = - ^ ^4,2(1, ^4, ^5,^6; 2, 3) , (2.17) 

(j£ cyclic 

^3,3(1, 2, 3; 4, 6, 5) + ^3,3(1, 3, 2; 4, 6, 5) = X2 = - ^4,2(1, Ti, ^6,^5; 2, 3) . (2.18) 

(jG cyclic 

Similarly it can be shown that taking T'^,T^ to be U{1) will not give new relations. 

Equations (^l5|) , ([2l6|) , j^Jfj) and (|2l|) are aU independent ones we can obtain, provided that the legs 
1, 2, 3 in ^3^3 are all in one trace and the others are all in another trace. There are four partial amplitudes 
ti = ^3,3(1, 2, 3; 4, 5, 6), t2 = ^3,3(1, 3, 2; 4, 5, 6), ^3 = ^3,3(1, 2, 3; 4, 6, 5), U = ^3,3(1, 3, 2; 4, 6, 5), and four 
equations, which, when written in matrix form, are 

f Xi\ /ioio\/ti\ 

10 1 
110 
11 



X2 
\X,J 



y 



I 



t2 



(2.19) 



This one has unique solution when and only when the determinant is non-zero. However, it is easy to 
check that the determinant is indeed zero and we find following solution: 



ti — t4 + Xi — X2, t2 — —ti + X2, t3 — — f4 — Xi + Xi + X2 



(2.20) 
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which indicates the impossibihty of expressing ah partial amphtudes ^3^3 as a hnear combination of ^5,0 
from ?7(l)-decouphng equations^. 

Although C/(l)-decoupling equations can not solve ^3^3 as combinations of ^6,0; they may give some 
hints to the solution (^^) ■ The key is to write the Xi , Xi as 



and 



Xi = (456) U(123) + (465) ^(123), X2 = (456) ^1(132) + (465) y (132) , (2.21) 



Xi = (123) |J(456) + (132) ^(456), X2 = (123) U(465) + (132) ^1(465) , (2.22) 

where we have simplified YlaecoP{i 2 3}\J{i 5 6} ^i'^) (456) |J(123). With these rewriting, it is very 
natural to make some identifications. From ( |2.15| ) and ( p.l6D there are two choices can be made. The 
choice (A) is given by 

^3,3(1, 2, 3; 4, 5, 6) = (1, 2, 3) |J(4, 5, 6), ^3,3(1, 2, 3; 6, 5, 4) = (1, 2, 3) |J(6, 5, 4) , 

^3,3(1, 3, 2; 4, 5, 6) = (1, 3, 2) U(4, 5, 6), ^3,3(1, 3, 2; 6, 5, 4) = (1, 3, 2) |J(6, 5, 4) , (2.23) 

while the choice (B) is given by 

^3,3(1, 2, 3; 4, 5, 6) = (1, 2, 3) U(6, 5, 4), ^3,3(1, 2, 3; 6, 5, 4) = (1, 2, 3) |J(4, 5, 6) , 

^3,3(1, 3, 2; 4, 5, 6) = (1, 3, 2) |J(6, 5, 4), ^3,3(1, 3, 2; 6, 5, 4) = (1, 3, 2) |J(4, 5, 6) . (2.24) 

Both choices are consistent with ( |2.17| ) and ( |2.18| ) if we notice that the color-order reversed relation means 
(aU/3) = (-)"(a'^U/3'^), i-e-, (1, 2, 3) U(4, 5, 6) = (1, 3, 2) U(6, 5, 4). However, the right solution is the 
choice (B). Our six-point example may be too special and when we move to higher points, hints will be 
more explicit. 

2.2 Unitarity cut method 

Unitarity cut method has been proved to be very useful for calculations of loop amplitudes. For one-loop 
amplitude, Passarino-Veltman reduction shows that any one-loop amplitude can be expanded to some 
known basis with rational coefficients [^]. The basis contains scalar integrals with topologies as tadpole, 
bubble, triangle and box in pure 4D theory (in this case we need to add rational remaining functions) or 
in general (4 — 2e)-dimension with pentagon^. Thus loop calculations are reduced to finding coefficients of 
corresponding basis The advantage of unitarity cut method for calculations is that inputs are on-shell 
tree-level amplitudes which have all desired symmetries, including gauge symmetry. 



^The consistent condition requires Xi + X2 — Xi — X2 — 0, which can be verified trivially by writing Xi , Xi as sum of yle.o ■ 
^There are some recent works on the basis of two-loop amplitudes, for example see ^]. The basis for general multiloop 
amplitudes is not clear yet, but we can still get useful information for analyzing by using unitarity cut method. 
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Much calculations that have been done using unitarity cut method are for color-ordered partial ampli- 
tudes. However, as we will show in this subsection, unitarity cut method is also very useful for calculations 
of whole amplitudes as well as the understanding of color structure of general loop amplitudes. 

To start, let us write down the expression for calculating the whole one-loop amplitude at a given cut 
channel with momentum 



A\-'°°^Vut = ^l'' ''''\ii,»L,i2,(3L)K^'' ''''i-h,aR,-e2,/3R) , (2.25) 

states of t-\,t-2 

where the ordering of {^i, ol, ^2, does not mean anything because the input is the full on-shell tree 
amplitude A. To uniquely determine the full one-loop amplitude, we need to calculate all possible cut 
channels in unitarity cut method. A few of remarks are in order before we go on. First we have used 
double cuts, which can not access tadpole coefficients. Fortunately, for gauge theory which is massless, 
there is no tadpole contribution. Secondly, we require that there should be at least two external legs in 
Al or Ar for each cut channel, which is satisfied for massless particles. Thirdly, to get complete result 
for one- loop amplitude using unitarity cut method, the cut momenta ^1,^2 should be in general (4 — 2e)- 
dimension. Thus we have assumed properties which we will use later, such as the KK relation, will hold 
in general D-dimension. This is true for gauge theory because as we have remarked, KK relation is a pure 
group theory relation. 

With above clarifications, we will discuss how various trace structures of one-loop amplitude, i.e., the 
single trace and double trace structures, show up in the unitarity cut method. Substituting two full tree 
amplitudes with their color-decompositions in ( 2.251) , and noticing that the sum over states of ^1,^2 include 
the sum over colors, we have (where for simplicity we have written (.1 for T^^ ) 

"i' ^2, /3l)TV(£i, Q^, £2, /3ij) = Y Tr(aL, ^2, "r, ^2, /3ij) = Tr(/3L, Qij)TV(/3jj, ol) , (2.26) 

where (|1.5| ) has been used. Equation (|2.26D is the general double trace color structure and when we set 
{oLi/^j?} or {/3i,Q/j} empty, it is reduced to the single trace structure A^cTr(/3i, ajj) or A''cTr(aL, /3j?). 
Correspondingly, coefficients for the double trace structure Tr(ai, /3K)Tr(/3L, qj?) will have contributions 
from following cut-input 

Y AL{i\\aLa2',liL)AR{-q^\aR,-q^\l5R) , (2.27) 

where Al,Ar are color-ordered tree- level partial amplitudes. For the same trace structure, another cut- 
input, 

Y AL{i\\PLA2\oiL)AR{-q''\PR,-q^\aR) , (2.28) 

hi,h2 



^Similar idea has been discussed in paper where the unitarity cut method plus the CSW rule has been applied to 

the one-loop MHV amplitudes. 
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also gives contribution, which comes from exchanging set a and /?, or equivalently, exchanging ^1,^2- In 
principle we should sum up these two contributions together. However, for one-loop, it can be seen that 
above two inputs ( p.27| ) and ( p.28 ) give the same contributions. Using this freedom we can write (2.25) 
formally as 



A 1 — loOp 



cut 



E 

L,R 



P{aL{l)/2,l3L} 



X Tv{ii,aRj2,MAR{-euaR,-e2,PR) 

P{aR/2,PR} 

+{h ^ i2} , 



(2.29) 



where aL(l) means that particle 1 belongs to set and the sum ^ means we need to consider all 
allowed double cuts. The whole amplitude A^^°°^ is not equal to the right hand side of ( 2.29| ) but is 
determined by the right hand side through the unitarity cut method. Also as we have remarked, since all 
calculations are the same after exchanging £1,^2 we could only consider the first term of ( p. 29 ). 

Tree-level partial amplitudes in ( |2.29| ) are with all possible color-orderings, but by using {7(l)-decoupling 
relation, KK relation and BCJ relation among them, we may establish relations between different trace 
structures. More explicitly, assuming there is a combination of one-loop partial amplitudes of different 
trace structures 



(2.30) 



if under all possible double cuts, above combination is zero, i.e., Yli CiAi^iApi^i = 0, then we can claim that 
the combination I is zero, i.e., there is a nontrivial relation among these one-loop partial amplitudes, up 
to three points discussed below equation ( 2.25| ). 

With these general discussions, now we will apply the unitarity cut method to investigate relations 
among one-loop partial amplitudes. We will study the four-point amplitude in detail as an example and 
then give a proof of result (|2.2D . 



2.2.1 The example of four-point amplitude 



As an illustration of unitarity cut method, let us give a detail analysis of four-point one-loop amplitude. 
After fixing leg 1 in the left tree amplitudes (we can always do that), and decomposing the full tree 
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amplitude as partial amplitudes, ( 2.25| ) becomes 



A 



I— loop I 



\cut= Yl Tr(£i,£2,l,2)^L(£i,^2,l,2) Yl Tr(£i,£2,3,4)AR(-£i,-£2,3,4) 

^^{^2,1,2} P{-^2,3,4} 

+ Yl Tr(£i,^2,l,3)^L(^i,^2,l,3) Y Tr(£i,^2,2,4)AR(-£i,-£2,2,4) 

^'{^2,1,3} P{-£2,2,4} 

+ ^ Tr(£i,^2,l,4)^L(^i,^2,l,4) ^ Tr(£i,^2,2,3)AR(-£i,-£2,2,3) , (2.31) 

^'{^2,1,4} P{-£2,2,3} 

where using cyclic symmetry we can always fix ii at the first position and P{a} means all permutations 
on set {a}. There are totally 3 x 3! x 3! = 108 terms in the right hand side of ( |2.31| ), and they contribute 



to different trace structures. These terms can be written down in the form (2.29) as 



A, 



l—loop I 



I cut 



Tr(4, 1,^2, 2)^l(£i, 1,^2, 2) + Tr(£i, 1, 2,^2)^l(4, 1, 2, £2) 



(2.32) 



+TV(^i,2,1,^2)^l(^i,2,1,£2)) X Y Tr(^i,^2, 3, 4)^fl(-£i, -£2, 3, 4) 

P{-<?2,3,4} 

+ (tV(£i , 1 , £2 , 3)Al (^1 , 1, ^2 , 3) + TV(^i , 1 , 3, ^2)^l (^1 , 1, 3, £2) 



+TV(^i,3,1,^2)^l(^i,3,1,£2)) X Y Tr(^i,^2,2,4)^K(-^i,-^2,2,4) 

P{-<?2,2,4} 

TV (4 , 1 , ^2 , 4) (£1 , 1 , ^2 , 4) + TV (£1 , 1 , 4, £2 ) (^1 , 1 , 4, £2 ) 



+Tr{h,4,hh)AL{iiA,hh)) ^ Y Tr(4,^2,2,3)^K(-4,-^2,2,3) 

P{-<?2,2,3} 



Now let us consider contributions to various trace structures using (|2.32D . 

Firstly we consider the single trace structure. For example, the single trace A'^cTr(l, 2, 3, 4) comes from 
four terms: 



Tr(4, 1, 2, 4)Tr(4, ^2, 3, 4)^^(4, 1, 2, ^2)^fl(-4, -h, 3, 4) , 
Tr(4, 4, 1, 4)Tr(4, ^2, 2, 3)^l(4, 4, 1, ^2)^fl(-4, -h, 2, 3) , 



and other two terms with {ii O ^2}- Thus we can write 

^4,0(1, 2, 3, i)\cut = ALiii, 1, 2, i^)ARi-h, -i2, 3, 4) + ^l(4, 4, 1, 4)Ajj(-£i, -£2,2, 3) + {4 ^ hp.^S) 
For the color ordering (1,2,3,4) we can determine the amplitude by considering two double cuts: cut K12 



and cut K41, and they are exactly the two terms we have written down in ( 2.33 ). 
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Next we consider double trace structure. For 743^1(1, 2, 3; 4) with trace structure Tr(l, 2, 3)Tr(4), terms 
that contribute to this trace structure are 

Tv{h, 1, 2, ^2)Tr(£i, 4, ^2, 3)Al(^i, 1, 2, ^2)^i?(-4, 4, -^2,3) , 
Tr(^i, 3, 1, £2)Tr(4, 4, ^2, 2)Al(£i, 3, 1, ^2)^i?(-4, 4, -^2,2) , 
Trill, 1, £2, 4)Tr(£i, ^2, 2, 3)^l(£i, 1, £2, 4)^,j(-£i, -£2, 2, 3) , 
and other three terms with {£1 -H- ^2}- Thus we can get 

^3,1(1, 2, 3; 4:)\cut = ALih, 1, 2, ^2)^i?,(-^i, 4, -^2,3) + 3, 1, £2)^i?(-^i, 4, -£2,2) 

+AL(4,l,^2,4)Afl(-4,-^2,2,3) + {^i 0^2} . (2.34) 
Then we can use KK relation ( |1.2D to put £1 , £2 at the two ends 

A{£a,h£b,j) = -Aiea,hj,£b)-A{£aJ,iJb) , (2.35) 
so ( p. 34 ) can be rewritten as 

^3,i(l,2,3;4)le„t = -ALi£ul,2, £2)ARi-£i, -£2,3,4) - ALi£iAAJ2)ARi-£u -£2,2,3) (2.36) 
-ALiii, 1, 2, £2)Ar{-£i, -£2,4, 3) - Al{£i,3, 1, £2)Ar{-£i, -£2, 2, 4) (2.37) 
-Al{£x, 1,4, £2)Ar{-£^, -£2, 2, 3) - Al{£x,3, 1, ^2)^r(-4, -^2,4, 2) (2.38) 
+{^1 ^ £2} ■ 

Comparing ( ^!36|) , (l2^ ), ( ^) with (|]3|), it is clear that each line with its {£\ ^ £2) terms can be 
identified as one primitive amplitude, so we get following identity between ^4^9 and vls^i 

^3,1(1, 2, 3; 4) = -^4,0(1,2,3,4) -A4,o(l, 2,4,3) -yl4,o(l, 4, 2, 3) 
= - ^ ^4,0(0-1, 0-2, 0-3, 4) . 

(t£ cyclic 



(2.39) 



Similar argument can be applied to another double trace structure ^2,2(1, 2; 3, 4). By working out the 
trace structures we can identify ^2,2(1, 2; 3, 4)|cMt as 

^2,2(1, 2; 3, 4)\cut = Al(^i, 1, 2, £^)Ar{-£^,3, 4, -£2) + Al(£i, 1, 2, £2)Ar{-£x,4, 3, -^2) 
^Al{£x, \,£2,3)Ar{-£^,4, -£2, 2) + Al{.£x, 1,^2, 4)^r(-^i, 3, -^2, 2) 
+^l(^i, 2, 1, ^2)^i?(-^i, 3, 4, -£2) + Al{£x,2, 1, ^2)Ai?(-^i, 4, 3, -£2) 
+{^1 o £2} • (2.40) 
Using the following KK relation 

A{£a,£b^.i)= A{£a,i,i,£b) , A{£a,i,£b,j) = -A{£a,i,j,£b)-A{£a,j,i,£b) , 
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^2,2(1; 2; 3, 4)|cMt can be written as 

^2,2(1, 2; 3, ^)\cut = 1, 2, 1^)Ar{-Ii, 3) + 3, 1, £2)^ij(-^i, -^2, 2, 4) 

1. 3, l2)AR{-h, -^2,2, 4) + ALihA, 1, ^2)Ar(-^i, -^2, 3, 2) 
+AL{ii, 1, 2, ^2)^ij(-^i, -^2,3, 4) + ALihA, 1, ^2)AR{-ii, -£2, 2, 3) 

1, 3, i2)AR{-eu -^2,4, 2) + AL{ii,2, 1, ^2)Ar(-^i, -£2, 3, 4) 
+ALiii,3, 1, ^2)^ij(-^i, -^2,4, 2) + ALiii, 1,4, i2)AR{-ii, -£2, 2, 3) 

1. 4, ^2)^i?(-^i, -^2,3, 2) + AL{ii,2, 1, ^2)Ar(-^i, -£2,4, 3) 

+{h o £2} • (2.41) 

Each line with its {£1 o ^2} terms in above result corresponds to one of primitive amplitude ^4,0, and the 
whole result is nothing but 

^2,2(1, 2; 3, 4) = A4,o(l, 2, 3, 4) + yl4,o(l, 3, 2, 4) + ^4,0(1, 3, 4, 2) 
+^4,0(1, 2, 4, 3) + A4,o(l, 4, 2, 3) + ^[4,0(1, 4, 3, 2) 

^ A4,o(a) . (2.42) 

o-eCOP{l,2}U{3,4} 

Until now we have expressed the partial amplitudes of double trace structure as a linear combination of 
primitive amplitudes ^4,0, but among these primitive amplitudes, how many are really independent basis? 
Using the unitarity cut method, it is easy to see that for arbitrary n we have (we will give a proof later) 

A„,o(l, 2, 3, n - 1, n) = (-)M„,o(n, n - 1, 2, 1) . (2.43) 

Thus for four-point primitive amplitudes, when accounting the cyclic symmetry and reflection identity 
( 2.43 ), there are totally 84^/ {Z4 x 2) = 3 independent primitive amplitudes. Is there any further relation 
among these three amplitudes as in the case of tree-level amplitudes? In order to answer this question, let 
us investigate cuts of these three amplitudes: 

^4,0(1, 2, 3, 4)|e„t = Al{£i, 1, 2, £2)ARi-£2,3, 4, -li) + Al{£iA, 1, ^2)Ai?(-^2, 2, 3, -£i) 

+Al{£i,2, 1, £2)Ar{-£2, 4, 3, -£i) + Al{£i, 1, 4, £2)Ar{-£2,3, 2, -£i) , 

^4,0(1, 3, 2, A)\,^t = Al(£i, 1, 3, £2)Ar{-£2,2, 4, -li) + Al(^i, 4, 1, £2)Aij(-^2, 3, 2, -£i) 

+Ai(4, 3, 1, £2)Ar{-£2. 4, 2, -£i) + Al{£u 1, 4, ^2)Aij(-^2, 2, 3, -£i) , 

A4,o(l, 3, 4, 2)|e„t = Al(4, 1, 3, £2)Ar{-£2A, 2, -^1) + Al(^i, 2, 1, ^2)Ai?(-^2, 3, 4, -^1) 

+Al(£i, 3, 1, £2)Ai?(-£2, 2, 4, -ti) + Al(£i, 1, 2, £2)Ar{-£2, 4, 3, -£i) . 

Let us focus on S12 cut, which appears only in ^4^0(1, 2, 3, 4) and ^44^0(1, 3, 4, 2). The KK relation enables 
us to fix two legs, so let us choose the basis with fixing ^1,^2, then Al and Ar in above expression are 
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already basis^. It is clear that terms in A4_o(l) 2, 3, 4) and A4_o(l) 3, 4, 2) are in different basis, which of 
course can not be related by algebraic relations. Thus the unitarity cut method tells us that there is no 
KK-like relation for four-point one-loop primitive amplitudes. 

2.2.2 Proof of general case 

After the example of four-point, we move to general n-point one-loop amplitude and try to prove ( p. 2D . 
The proof will be given in following four steps. In the first step we will identify all cuts of different color 
trace structures and prove the color-ordering reversed identity (or reflection identity). In the second step, 
we will discuss example of An-i^i to warm up. In the third step, we will present the proof of general case. 
In the last step, a technical detail will be explained. 

The first step: We should identify all cut contributions of a given trace structure. For the partial 
amplitudes An ft (primitive amplitude), we have the following equation: 

n-2 

A„,o(l, 2, . . . , n)\cut = Y1 Yl ^^(^1' 1' 2, • • • , ^, h)AR{-e2, i + l,...,n, -h) + {h o £2} , (2.44) 

1=2 PCP{l,2,-,n} 

where PCP{(t} is the partially cyclic permutation of (1, 2, n) such that particle 1 is always at the Al^ . 
For example, we have, for i = 3, 

^l(^i,1,2,3,£2)A/j(-^2,4,5,-4) = AL(£i,l,2,3,^2)^i?(-^2,4,5,-^i) 

PCP{1,2,3,4,5} 

+^l(^i,5,1,2,£2)A/j(-£2,3,4, -4) 
+^l(^i,4,5,1,£2)Ah(-^2,2,3,-£i) . 

Using the explicit expression (|2.44 ) we can show the reflection identity mentioned in ( 2.43 ). Using reflection 
identity for tree-level amplitudes A l , Ar we get 

n-2 

A,o(i,2,...,n)|,„i = ^ {-T+^AL{^2:h■■■,2^,^l)AR{-h,n,...,i + l,-^2) + {^l^^2] 

i=2 PCP{l,2,...,n} 
n-2 

= i-TYl Yl AL{£i,l,n,...,n-i + 2,£2)AR{-h,n-i + l,...,2,-h) 

1=2 PCP{1,2,-M 
+ {h O £2} , 

where in the second line we have used the cyclic property under PC P. Summing up all terms in the 
second line gives (— )"An,o(l) • • • > 2), thus we have the reflection identity for primitive amplitude as given 
in (|1|). 



* We will not consider the BCJ relation in this paper because the appearance of kinematic factors Sij . We will remark this 
point in the conclusion. 

^It is worth to notice that different i will give different PCP{a}. 
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For partial amplitudes with double trace structure, for example, the ^c-i,n-c+i(l) 2, . . . , c— 1; c, . . . , n), 
where c > 2, all double cuts are 

n— c+fc+l c— 1 

^e-i,n-c+i(l,2,...,c-l;c,...,n)|c„t= 1^ Yl AlAr + {£i^£2} , (2.45) 

i>k k=l PCP{l,...,c-l}CP{c,...,n} 

where 

AlAr = AL{ii, 1, . . . ,k,i2,n - i + k + 1, . . . ,n)AR{-i2,k + 1, ... ,c - 1, -ii,c, . . . ,n - i + k) , 

and CP{a} is the cyclic permutation over the set a. The difference between PCP and CP is that in PCP 
we require the particle 1 is always at the Al to avoid the double counting problem. Notice that CP acts 
on the set {c, . . . , n}, while PCP acts on remaining set {1, . . . , c — 1}. 

Similarly to Anfi, there is also a reflection identity. By accounting the {i\ -H- £2} terms and using the 
reflection identity for tree-level amplitudes Al and Ar, we get 

ALAR + {h^l2} = {-r+^ALi£i,l,c-l,...,c-k + l,e2,n,...,n-i + k + l) 
xAR{-i2,c - k, . . . ,2, -ei,n - i + k, . . . ,c) + {ii -ir^ £2} 
= (-)"'Ac_i,n-c+i(l,c - l,...,2;n-i + k,...,c,n,...,n-i + k + l)\cut ■ 

Using the cyclic permutation invariant of each trace, we get the reflection identity 

Ac-i,n-c+i{^, 2, . . . , c - 1; c, . . . , ra) = (-)"^c-i,n-c+i(c - 1, c - 2, . . . , 1; ra, n - 1, . . . , c) . (2.46) 

The second step: As a warm up, we consider the relation between ^n-1,1 and ^n,o. The cuts of 
An-1,1 are 

n-2 

An-i,i{l,2,...,n-l;n)\cut = ^ Yl AL{h,l,2, . . . ,i,£2)AR{-£2,i + I, ■ ■ ■ ,n - 1, -h,n) 

i=2 PCP{l,2,...,n-l} 
n-2 

+ J2 AL{£i,l,^,---,i-'i-j2,n)AR{-£2,i,...,n-l,-£i) 

1=2 PCP{l,2,...,n-l} 

+{£i ^ £2} . (2.47) 
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Using KK relation to put £1,^2 at two ends, we get 



A„_i,i(l,2, . . . ,n- l;n)\cut 

n-2 

= -Y. Yl Yl ALiii,l,2,...,i,i2)ARi-i2,i + l,...,n,-ii) 

1=2 PCP{l,2,...,n-l} OP{i+l,...,n-l}U{n} 
n-2 

"EE AL{h,l,...,i-l,n,l2)AR{-l2,h...,n-l,-li) + {h^l2] 

i=2 PCP{l,2,...,n-l} OP{l,...,i~l}U{n} 
n-2 

= -Yl Y Y AL{ii,l,...,i,i2)AR{-£2,i + l,...,n,-£i) + {ei^£2} . 

i=2 PCP{l,2,...,n-l} OP{l,...,n-l}U{n} 

In order to express above terms as primitive amplitudes, we need to use following identity 

^ AL{iul,...,i,£2)AR{-e2,i + l,...,n,-h) 

PCP{l,2,...,n-l} OP{l,...,n-l}U{n} 

= Y AL{£ul,...,hh)AR{-e2,i + l,...,n,-£i) . (2.48) 

OP{2,3,...,n~l}U{n} PCP{l,...,n} 

So the final result would be 

An-i,i{l,2, ... ,n- l;n)\cut 

n-2 

Y Y Y AL{ei,l,...,i,i2)AR{-e2,i + l,...,n,-£i) 

OP{2,3,...,n-l}U{n} i=2 PCP{l,...,n} 

= - Yl Anfi{l,a)\cut = - Y An,oi(3i,/32,...,(3n-i,n)\cut , (2.49) 

«gOP{2,3,...,n-l}U{n} /3g cyclic 



which is a special case of general formula ( |2.2| ). 

The third step: Now we consider the general case ( 2.45| ). After using KK relation to AlAr, a typical 
term of ( |2.45| ) will become 

(-1)"-'=+^ Y AL{£i,c7{l,...,k,n,...,n-i + k + l),e2) 

a£OP{l,...,k}U{n,...,n-i+k+l} 

X Y AR{-£2,a{k + l,...,c-l,n-i + k,...,c),-£i) , (2.50) 

aeOP{k+l,...,c-l}U{n-i+k,...,c} 

where the ordering {c, c + 1, . . . ,n} has been reversed by the KK relation. Other terms with given k,i 
are obtained by cyclic permutation of fc-elements from set {1, 2, . . . , c — 1} and {i — A;)-elements from the 
set {n, ...,c}. Finally we need to sum up all allowed k,i. Regrouping them together, we can rewrite 
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■^c—l,n—c+l\cut 9-8 



n-2 



^,_i,„_e+i(l,...,c-l;c,...,n)|e.t = (-ir-^-*-i^ EE E ^lAr, 

i=2 PCP{l,...,c-l} CP{c,...,n} POP{l,...,c-l}U{n,...,c} 

(2.51) 

where 



AlAr = ALiii,!, ■ ■ ■ ,i,h)AR{-e2,i + I, . . . ,n, -ii) , 

and POP{a} U {/3} (Partially Ordered Permutation) means ordered permutations between sets {a} and 
{/?} while keeping 1 in A^. Using identity 

EE E AL{ii,l,...,i,£2)AR{-h,i + l,...,n,-h) 

PCP{l,...,c-l} CP{c,...,n} POP{l,...,c~l}U{n,...,c} 

= E E E AL{ii,l,...,i,i2)AR{-e2,i + l,...,n,-ei) , (2.52) 

CP{c,...,n} OP{2,...,c-l}U{n,...,c} PCP{l,...,n} 



as weh as (|2l^ ), Ac -i,n-c+i\cut can be simplified as 
-4c-i,„-c+i(l, 2, . . . , c - 1; c, . . . , n)\cut 



^ ^ ^„,o(l,2,...,n)|,,i. 

CP{c,...,n} OP{2,...,c-l}U{n,...,c} 

(2.53) 

The two summations which are over all permutations between set {1, 2, . . . , c — 1} and {n, . . . , c} with 1 
fixed at the first position, preserve the cyclic ordering of set {n, . . . , c}. They are nothing but familiar 

C0P{l,2,...,c-l}U{n,...,c} , 



thus we finally prove 

A,_i,„_,+i(l, 2, . . . , c - 1; c, . . . , n) = (-l)"-'^+i 



J2 ^„,o(l,2,...,n) 

COP{l,2,...,c-l}U{n,...,c} 



(2.54) 



Using the reflection identity (|2.46| ) we can obtain another form 



Ac-i,n-c+i{l,2,...,c-l-c,...,n) = i-iy-' Yl An,o{l,2,...,n) . (2.55) 

COP{c-l,...,l}U{c,c+l,...,n} 



The last step: The remaining thing we should clarify is the identities ( |2.48| ) and (2.52). Since (2.48) 
is a special case of (2.52) when c = n, we just need to prove the identity pl5^ ). To do so, we will consider 
terms with leg 1 in the any given k-th position of ordering in A^Ar. Since k is chosen arbitrarily, if the 
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terms at both sides match up, then the identity is true. Let us consider the summation of the first hne in 
J2 Yl Yl AL{ei,l,...,i,£2)AR{-£2,i + h---,n,-h) . (2.56) 

PCP{l,...,c-l} CP{c,...,n} POP{l,...,c-l}U{n,...,c} 

The ordering of first summation and second summation does not matter since they act on different sets. 
In order to hold leg 1 in the k-th position in Al, we should first take POP action and then PCP action. 
The final result where leg 1 is at the fc-th position is 

{1, 2, . . . , n} ^ {OP{ak^l^rn} U {am}, 1, OP{ac+m-k-l} U {an-c-m+l}} , (2.57) 

where 

{cTc+m-fc-l, ffc-l-m} = {2, . . . , C - 1} , {(Tm, (T„_c-m+l} = {n-,. ■ ■ ,c} . (2.58) 

The subscript of set a stands for the number of elements in a, and m takes the value that all four a sets 
are meaningful. 

Then let us consider the summation of the second line in ( 2.52| ), 

E E E ALiii,h...,i,i2)AR{-e2,i + l,...,n,-ii) . (2.59) 

CP{c,...,n} OP{2,...,c-l}U{n,...,c} PCP{l,...,n} 

In order to hold leg 1 at k-th. position, we should simply take the following replacement using PCP, 

{l,2,...,n} ^ {n-k + 2,...,n,l,2,...,n-k + l} . (2.60) 

Since actions under POP and CP will not change the position of leg 1, we could then take the following 
replacements under OP 

{l,2,...,n}^{l,OP{2,...,c-l}U{n,...,c}} , (2.61) 

which means that {2, 3, . . . ,n — k + l} should be replaced by the front (n — k) elements of {0P{2, . . . , c— 1}U 
{n, . . . , c}}, and {n — k + 2, . . . ,n} should be replaced by the remaining (k — 1) elements of {OP{2, . . . , c — 
1} U {n, . . . , c}}. By setting 

{^c+m-fc-i''^fc-i-m} = {2,--- ,c- 1} , = {n, ...,c} , (2.62) 

the above replacements can be compactly written as 

{2, . . . , n - A: + 1} ^ {0^{^c+m-fc-i} U {^Lc-m+i}} , 

{n-k + 2,...,n}^ {OP{4_i_„} U {a'm}} . (2.63) 
The final result of actions ( p. 60 ) and (2.63) is 

{1, 2, . . . , n} ^ {OP{a',_,_m} U {a'^}, 1, OPK+^_,,_i} U . (2.64) 
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Until now (1^) is not equal to (l2^ ), since we have {(Tm^cTn—c—m+i 

} = {n, ...,c} in (|]5|) while 

{^n-c-m+i; ^m} = {"-i . . . , c} in (|2.62| ). Thus the elements in am and a'^ are different, and so are Un-c-m+i 
and (j'n^c-m+i- when considering sum of cyclic permutations YlcP{c n} both sides, we can rewrite 

Wn~c-m+i^<^'m} = {n - m + 2, . . . , c + 1, c; n, n - 1, . . . , n - m + 1} , (2.65) 
then we have a'^ = Um = {n, n — 1, . . . , n — m + 1}, thus proving ( |2.52| ). 

3. Partial amplitudes of two-loop amplitude 

After one-loop calculation, we want to generalize our method to higher loop. In this section, we will 
focus on two-loop case. The color decomposition for two-loop amplitude in U{N) gauge theory can be 
schematically written as 

^ iV2Tr(ai,...,a„)(A^^(ai,...,a„) + ^^f^(ai,...,a„)) 

\n/2\ 

+ ^'^cTr((Ti, . . . ,(Tm)Tr((Tm+i, . . . ,(7„)74„_m_m((7i, . . . ,(Tm;(7m+l, • • • ,Crn) 

Tn 1 (JGSti/ Sn — m,m 

ln/3\ L{n-a)/2j 

+ E E E Tr(a)Tr(/3)Tr(7)^,,b_„,„_5(a;/3;7) , (3.1) 

a=l {b-a)=a a&S„ / Sa,b^a,n~b 

where a = {ai, . . . , Ua}, /3 = {da+i, ■■■ ,crb} and 7 = {ab+i, ■ ■ ■ , o-„}. Sn-m,n and S'„_b,6_a,a are correspond- 
ing groups that leaving the double trace and triple trace invariant. The subscripts of partial amplitudes 
denote the number of generators in traces. There are two kinds of single trace structure: the ones with 
power are leading-color single trace amplitudes and the others are subleading-color single trace ampli- 
tudes, which come from non-planar Feynman diagrams. The partial amplitudes are gauge invariant and 
may be calculated separately. 

For two-loop case, there are not many results on relations between partial amplitudes, due to the 
appearance of triple trace structure as well as the subleading-color single trace structure, which make the 
discussions more complicated. We would like to know, for example, if there are relations like ( p. 21) , so all 
other partial amplitudes can be expressed by leading-color single trace partial amplitudes A„ o,o- If we can 
not achieve this goal, then how far we can go, i.e., what is the minimum basis of the partial amplitudes we 
need to completely determine the whole two- loop amplitudes. To answer these questions, we would rely 
on both ?7(l)-decoupling method and unitarity cut method. 

The generalization of {7(l)-decoupling method to two-loop is straightforward, and the only difference 
from one-loop case is the appearance of triple trace structure and subleading-color single trace structure, 
which will lead to more decoupling equations. The solving of all these equations is also more complicated. 
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To generalize unitarity cut method to two-loop amplitude, we need to introduce the triple cut. Then 
the whole two-loop amplitude becomes (to prevent double-counting, we can fix leg 1 in Al) 

Al-"^°^Ut = Yl E-^i"" ''''\ii,h,h,^L)A^n' '''''{-ii,-i2,-i3,an) , (3.2) 

states of ^i,^2i^3 L,R 

where the summation is over all allowed triple cuts. Like one-loop case, there are also a few technical 
points we need to point out. First for gauge theory, we assume that there is no contribution by reduction 
process with only two inner propagators ( so there is no triple cut available) . It is the generalization of the 
fact that there is no tadpole contribution at one-loop for gauge theory. Secondly, we assume that there 
is basis for two-loop amplitudes without the topology that two one-loop diagrams are attached to each 
other at a vertex (such as the "bow-tie" diagram given in |4^] or the "kissing box" diagrams given in [p7| ). 
Since there is still no fully understanding of basis of two loop amplitudes and how we can treat one basis 
to another basis^'', we can not show the assumption to be true, thus our results in this section should be 
taken with caution up to this uncertainty. For the two loop MHV-amplitudes of 7\A = 4 theory, Drummond 



and Henn have shown how to tread the kissing box diagram to diagrams satisfying our assumption. 
Thirdly we require there are at least two external gluons at Al and A^i, which is also reasonable for 
massless theory^^. Fourthly we assume our triple cut discussion is true for general (4 — 2e)-dimension. 
Otherwise our conclusion is true only for the J\f = 4 theory. Our following discussions will base on above 
four technical assumptions. 

To see color structures of partial amplitudes coming from the triple cut method, we do similar calcu- 
lations as in ( p.26[ ) 

^ (Tr (£i , , ^2 , /3l , ^3 , 7l) + 1V(4 , 5l , ^3 , ^2 , 7l)) 



= Tr{jL,aR, h,7R, aL, Pr) + TT0L,7T,aL,l3R,^L,aR) 

+Tr(7L, aR)Tr(PR, /3L)Tr{jR, ai) + Tr(7ij, aL)Tr0L, f]R)Tr{^L, o^r) , (3.3) 
which reproduces the familiar color structures given in (^]^). The first two terms come from 

Tr(^i,...,^2,...,^3,...)Tr(4,...,^2,...,^3,...) , Tr(^i, . . . , £3, . . . , ^2, • • .)Tr(4, • • • , ^3, • • • , ^2, • • •) , 
which contribute to subleading-color single trace structure, while the other two terms come from 

TV(£i,...,£2,...,^3,...)Tr(4,...,^3,...,^2,...) , TV(^i,...,^3,...,^2,...)Tr(4,...,^2,...,^3, 



grals. 

^^One argument for this is as follows. For one-loop case, the integration J d'^ ^jirjZk)^ that its form should be (k'^)' 



^''There is a very nice paper p9| discussing the basis of planar two-loop integrals. 

? 1 



by dimension analysis. Even with the tensor structure in numerator, we will still see the appearing of factor k with proper 
power. This is one reason why massless bubble gives zero contribution. For two loop with massless external momenta such as 
Ae'iie j-V j-h\2 1 similar consideration implies result (fc ) 2 for numerator f{l) — 1, or fc^jj fc^j ...fc^^ (fc ) 2 + 2 when f{(.) 
is tensor structure. Thus dimensional regularization implies the final result should be zero. 
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which contribute to leading-color single, double and triple trace structures, depending on how many empty 
sets in these two terms are. It is very important to notice that from above discussions the pattern of 
contributions to subleading-color single trace is different from those of other trace structures, so these two 
types will not mix with each other in a simple way. 

One simple result coming from the triple cut method is the reflection identity for any type of partial 
amplitudes 

Aa,b,n-a-b{a; (3; 7) = (-)"A„,b,„_„_b(a^; /3^; 7^) , (3.4) 

where T means the reversing of ordering. 

Having the experience of one-loop case, in this section, our discussion will be more briefly. On the 
other hand, because the difficulty of the problem, we have only some preliminary results and more works 
need to be done in future. 

3.1 Understanding four-point amplitude from C/(l)-decoupling method 

Again we will start with the simplest example, i.e., the four-point two loop amplitudes. We will use 
the C/(l)-decoupling method in this subsection and triple cut method in next subsection. It is worth to 
remember that our discussion of J7(l)-decoupling equation is not new, and results in this subsection can 
be found, for example, in [^] (see also (5l|]). The purpose of this subsection is to set up identities, so we 
can test our generalized unitarity cut method in next subsection. 



The color decomposition of four-point amplitude is |43] 
^2-«oop ^ ^ ^2 /^Tr(ai,a2,(T3,(T4)Af'^(ai,CT2,a3,a4) + -^Tr(ai,CT2,a3,a4)Af'^(ai,a2,CT3,CT4) j 

+ ^ iVcTr(cri)Tr((T2,0-3,CT4)^l,3((Ti;(T2,0-3,CJ4) + ^ iVcTr(fTi,fT2)Tr(fT3,0-4)A2,2(0-l,0-2;0-3,C^4) 

+ Yl Tr(ai,a2)Tr(a3)Tr(a4)A2 ,i,i(o"i,o-2;fT3;fT4) , (3.5) 

where the summation for each color trace structure is over all distinguished permutations, i.e., we should 
mod out permutations making the color trace structure invariant. 

There are five kinds of trace structures: the subleading-color single trace, the leading-color single 
trace, the double trace (3|1) and (2|2), and finally the triple trace (1|1|2). By setting generators to be 
[/(I), subleading-color single trace can never be mixed with other color structures, so they have relations 
only among themselves^^. For the remaining color structures, by setting one generator to be U{1), they 
reduce to 

(4) ^ (3) ; (3|1) ^ (3) or (1|2) ; (2|2) ^ (1|2) ; (1|1|2) ^ (1|2) or (1|1|1) . (3.6) 



^■^ Another way to see it is that we can take Nc as free parameter, so a function is zero when and only when aU coefficients 
of different A^'c-power to be zero. 
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Thus the reduced trace structure (3) gives a relation between A^'-' and 3. The reduced (1|2) structure 
gives a relation among vli,3,A2,2 and ^2,1,1 and finally the reduced (1|1|1) structure gives a relation of 

^2,1,1- 

More explicitly, by setting as U{1), for the partial amplitudes of subleading-color single trace, we 

get 

= Af^(4, 1, 2, 3) + Af^{4, 3, 1, 2) + Af^'{A, 2, 3, 1) . (3.7) 

It is worth to notice that it is exact the same form as tree-level [/(l)-decoupling equation. Then it is 
interesting to ask if there is the same KK relation for subleading-color single partial amplitudes? This 
question has no hint from ?7(l)-decoupling method, but can be investigated by triple cut method in late 
subsection. 

Let us continue to other C/(l)-decoupling relation. From the reduced A''^Tr(l, 2, 3) structure we can 
read out 

= Ai,3(4;l,2,3)+ Yl ^[^(4,1,2,3) , (3.8) 

cyclic{123) 

SO we can solve (other Ai^^ can be obtained simply by relabeling) 

yli,3(4; 1, 2, 3) = -A^^{A, 1, 2, 3) - A^^{A, 3, 1, 2) - A^^ {4, 2, 3, 1) . (3.9) 
From the reduced A'^cTr(l)Tr(2, 3) structure we have 

= ^1,3(1; 4, 2, 3) + Ai,3(l; 4, 3, 2) + ^2,2(4, 1; 2, 3) + ^2,1,1(2, 3; 1; 4) , (3.10) 

and finally from the reduced Tr(l)Tr(2)Tr(3) structure, we have 

= yl2,i,i(4,l;2;3) +Ai,2,i(l;4,2;3) +Ai,i,2(l;2;4,3) . (3.11) 

Other independent relations will be obtained by relabeling of indices. 

Having these equations, we would like to ask if they are enough to solve all the ^1,1,2 and ^2,2 in 
terms of A^'-" . Let us check this by solving with ( |3.11 ) firstly. There are S4/Z2Z2 = 6 of ^1,1,2 and four 
equations, which can be written as 

0|t4=i = ^3 + -'^s + Xq, 0|t2=i = Xi + X4 + X5, 0|t3=i = X2 + X4 + Xq, 0|ti=i = Xi + X2 + X^ , 
with 

Xi = A2,i,i(l,2;3;4) , X2 = ^2,1,1(1, 3; 2; 4) , X3 = ^2,1,1(1, 4; 2; 3) , 
X4 = ^2,1,1(2, 3; 1; 4) , X5 = ^2,1,1(2, 4; 1; 3) , Xq = ^2,i,i(3, 4; 1; 2) . 
From these equations we can solve 

X3 = —Xi — X2 , X4 = —Xi — X2 , X^ = X2 , Xq = Xi , (3.12) 
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where we have taken Xi and X2 as basis. Putting them into ( 3.10 ) we find solution for following three 
^2,2: 



n =^2,2(1, 2; 3,4) , Fa = ^2,2(1, 3; 2,4) , = ^2,2(1, 4; 2, 3) 



(3.13) 



as 



(tGCOP{1,2}U{3,4} (tGCOP{1,3}U{2,4} 
crGCOP{l,4}U{2,3} 



(3.14) 



where the difference between one loop ^2,2 and two loop j42,2 is the appearance of ^1,1,2 in ( 3.14 ). 

In summary, from solving C/(l)-decoupling equations, we see that partial amplitudes of subleading- 
color trace structure are themselves a special category, which has same f7(l)-decoupling relation as the one 
for tree- level amplitudes. The remaining partial amplitudes can be expressed as linear combination of all 
three independent partial amplitudes of leading-color single trace structure, plus two partial amplitudes of 
double (or triple) trace structure. 



3.2 Further understanding of four-point amplitude from unitarity cut method 

All relations coming from C/(l)-decoupling method in previous subsection can be directly verified by uni- 
tarity cut method. However, from one-loop example, we are warned that there are non-trivial relations 
that can not be solved directly from [/(l)-decoupling relation. Thus we would like to ask are there any 
more relations that are not revealed in C/(l)-decoupling relation? More specifically, we want to ask: (1) If 
we can express all partial amplitudes of double or triple trace as a linear combination of partial amplitudes 
of leading-color single trace? (2) If not, then we would like to ask if the basis given in previous subsection, 
which includes leading-color single trace and other two partial amplitudes (it could be two double (or 
triple) trace amplitudes), are independent to each other. 

In this subsection, we will discuss these problems using unitarity cut method. Before going on, let us 
work out the cut structures of partial amplitudes. By a straightforward calculation, we can express the 
cuts of the partial amplitude of leading-color single trace as 

^i^(l,2,3,4)|e„t = ALi£i,l,2j2j3)ARi-h,-£3,-£2,3A)+AL{iiAAJ2,i3)AR{-h,-£3,-£2,2,3) 
+P{£i,£2,£3} , (3.15) 

where -P{^i, ^2, ^3} means we should plus all the written terms with all the other permutations of {^1, ^2, ^3}■ 
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Similarly for ^3_i(l, 2, 3; 4) we have 

^3,i(l, 2, 3; A)Ut = AL{h, 1, 2,£2,4)^ij(-^i, -^3, 4, -^2, 3) + AlHu 1, 2, £2, ^3)^i?(-^i, 4, -4, -^2, 3) 

3, 1, i2,h)AR{-h, -£3, 4, -^2, 2) + 3, 1, ^2,^3)Ah(-^i, 4, -^3, -^2, 2) 

l,£2,4,£3)Ai?(-^i, -£3, -^2,2,3) + AL{h, l,£2,^3,4)^ij(-£l, -£3, "^2,2,3) 
+P{£l,£2,^3} , (3.16) 
and for ^2,2(1, 2; 3, 4), 

A2,2(l,2;3,4)|c„i = AL(£i,ai,a2,^2,^3)^i?,(-^i,-^3,/33,/34,-^2)+^L(^i,ai,a2,^2,^3)^/?(-^i,/33,/54,-^3,-^2) 

AL(£i,l,^2,3,£3)^i?,(-^l,-^3,4, -£2,2)+.4l(£i,1,£2,^3,3)Ah(-^1,4,-^3,-^2,2) 
AL{h,l, ^2,4, ^3)^ij(-^i, -^3,3, -I2, 2) + 1, ^2, ^3, 4)Ah(-£i, 3, -^3, -^2, 2) 

+m,^2,^3}, (3.17) 

where a, /3 E Z2. Finally the expression for the cuts of partial amplitude of triple trace structure 
^2,1,1(1, 2; 3; 4) is 

^2,1,1(1, 2; 3; 4) = >lL(£i,ai,a2,^2,^3)^i?X-^i,/33, -^3,/34, -^2) 

+AL{h. 1, ^2, ^3, ^)AR{-h, -^3,4, -^2, 2) + ALih. 1, ^2,3, ^3)^i?(-^i, 4, -4, -^2, 2) 
+^l(^i, 1, ^2, ^3, ^)AR{-h, -^3, 3, -^2, 2) + AL{h. 1, ^2, 4, ^3)^i?(-^i, 3, -4, -h, 2) 

+m,^2,^3}, (3.18) 

where a,P € Z^- With these triple cut expressions, we can check identities obtained from f7(l)-decoupling 
equations. An example is given in the Appendix B. 

Having above settings, let us study the first question by taking ^2,1,1(1, 2; 3; 4) as an example. We 
want to express this amplitude as^^ 

^2,1,1(1, 2; 3; 4) = xiA|'^(1, 2, 3, 4) + X2A\^{\, 2, 4, 3) + X3^i^(2, 1, 3, 4) 

+X4^i^(2, 1,4, 3) + xs^f ^(l, 3, 2, 4) + xg^f ^(1, 4, 2, 3) . 

Since ^2,1,1(1, 2; 3; 4) is symmetric under 1 o 2 and 3 -H- 4, we have x\ = X3, X2 = X4, X5 = xq and xi = X2, 
X3 = X4, X5 = xq. Furthermore, we know that ^2, 1,1(1, 2; 3; 4) = ^1^1^2(1; 2; 3, 4), thus the exchanging of 
(1,2) f-T- (3,4) is also symmetric, this tells us X2 = X3 and X5 = xg. Putting all these together we get 

^2,1,1(1, 2; 3; 4) = x(Af ^(1, 2, 3, 4) + ^(1, 2, 4, 3) + ^^^(2, 1, 3, 4) + ^^^(2, 1, 4, 3)) 

+y (yli^(l, 3, 2, 4) + 71^^(1, 4, 2, 3)) . (3.19) 



^■^We have not assumed any relations between these six amplitudes except the cyclic symmetry. There could be relations 
and in fact, they do have ones as given in (3.4), but it will not affect the discussion here. 



- 24 - 



Then the question becomes to find a solution x, y for ( 3.19 ). If identity ( [j.l9D is true, it will be true under 
unitarity cut. Writing down the cut expression as given in, for example, ( [B.!]) and ( 3.1^ ), at both sides 
and comparing them, we could obtain equations for x, y. If there is nonzero solution of x, y to match up 
for all cuts, then there is a relation, but if not, then ^2,1,1 can not be expressed by A^*-^ . 

Now we try to solve x,y using the cut si2- The contribution for cut S12 of j42,i,i(1, 2; 3; 4) has been 
given in (BJ). Let us use KK relation to take following six amplitudes as basis for the left tree amplitudes: 

/i = 1,2,4,4) , /2 = ^l(4,2,i,4,4) , /3 = Al(4,4,i,2,4) , 

/4 = ^l(4,4,2,1,4) , /5 = ^l(4,1,4,2,4) , /e = ^l(4,2,4, 1,4) , (3.20) 
and another six basis for the right tree amplitudes: 

i^i = ^l(4,3,4,4,4), i^2 = ^L(4,4,3,4,4), i^3 = ^L(4,4,3,4,4), 

7^4 = ^l(4,4,4,3,4), i^5 = ^L(4,3,4,4,4), iC6 = ^L(4,4,4,3,4) • (3.21) 
Then the coefficients of these 6x6 basis for the left hand side of ( |3.19| ) are given by 

ih + h) X {Ks + Ki) ^ -4 , 

(/3 + h) X {Ki +K2 + K^ + Ki + K^ + Ke) ^ -4 , 
(h + h) X {Ki +K2 + K^ + Ki + K^ + Ke) ^ -2 . 

For the right hand side of ( p^ , amplitudes A^'^{1, 2, 3, 4), A^^{1, 2, 4, 3), A^^{2, 1, 3, 4) and A^'^{2, 1, 4, 1) 
will contribute to si2 cut while ^4*^(1, 3, 2, 4) and j44'-^(1, 4, 2, 3) will not. By expressing Al and Ar with 
basis Ii,Ki, we get coefficients of these 6x6 basis as 

ih + h) X (Ki + K2) 4x , 
ih + h) X (Ks + K4 + K5 + Ke) ^ 2x , 
ih + h) X (Ki + K2 + K5 + Ke) ^ 2x , 
ih + h) X (Ki + K2) ^ 2x . 

Comparing above two results it is obviously impossible to find solution x, because even the basis at both 
sides do not match up! 

Thus we have our first conclusion: we can not express the double and triple trace partial amplitudes 
hy leading single trace partial amplitudes. Although we have only done the four-point case, we believe the 
conclusion is true for any n. Also we believe it is true for higher loops more than two. 

There is one important point we want to remark. In our argument, we have used the KK relation, but 
not the BCJ relation for tree-level amplitudes, thus our conclusion is true only up to this level. The reason 
we do not use BCJ relation is that in BCJ relation, the kinematical factors involving £i will generally 
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appear, thus by unitarity cut method, coefficients of basis (we have assumed there is one basis) will not be 
related to each other in simple way and we will lose the predicability. We will come back to this point in 
conclusion section. 

Now we move to the second question. From C/(l)-decoupling method we know that without considering 
partial amplitudes of subleading-color single trace, we can express all the other partial amplitudes as a linear 
combination of three independent A^'-'' and two ^2,2 (or ^2,1,1)- To check if they are really independent, 
we wish to find a solution of (a, /3, x, y, z) so that 

0^2,2(1, 3; 2, 4) + /3A2,2(1, 4; 2, 3) = xA^^{l, 2, 3, 4) + yA^^{l, 2, 4, 3) + zA^^{l, 3, 2, 4) . (3.22) 

Let us focus on S12 cut, and expand Al and Ar in the above basis Ii,Ki. The ^4*^(1, 3, 2, 4)'s in right 
hand side of ( 3.22 ) do not contribute to ,312 cut. The coefficients of 6 x 6 basis for the left hand side of 
12%) are 



(/i + /2 + /3 + h) X (i^i + K2) ^ -4(a + /3) , ih +l2 + h + h) X (i^5 + Kq) ^ -2(q + /3) , 
{h + h) X (Ki + K2 + K^ + Ki) ^ -2(a + /3) , h x K5 = h x = -6a , 

Ir,X Kq= IqX Kr, = -6/3 , 

while the coefficients for the right hand side of ( 3.22| ) are 

hxKi^ -2y , hxK2^ -2x , h x {K3 + K5) ^ -y , h x {K^ + Kq) ^ -x , 

hxKi^ -2x , hxKi^ -2y , h x {K3 + K5) -x , h x {K4 + Ke) -y , 

hxK^^ -2x , IsxKs^ -2y , I3 x {K2 + K^) ^ -x , hx {Ki + K^) -y , 

hx -2x , hx -2y , I4 x {Ki + K5) -x , h x {K2 + Kq) -y , 
h X {K2 + Ki + Ke) ^ -X , I5X [Ki + K3 + K5) ^ -y , 
le X {K2 + Ki + Ke) ^ -y , hx {Ki + K3 + K^) -x . 

All these basis should match up for a solution {a, f3,x,y, z). However, noticing that there are no Ii x 
and Ii X K4 terms in left hand side, it gives x = y = 0, which leads further to a = /3 = 0. From this 
argument we see that there is no more relation among three independent A^'-" and two j42,2 (or j4i^i^2)- 
All these five partial amplitudes are indeed independent to each other. 

3.3 KK-like relation for partial amplitudes of subleading-color single trace 

We have remarked in ( \i.7\ ) that the U (l)-decoupling relation for Af-" is exactly the same as the one for 
tree-level amplitudes. For general n-point A^'-' , we can also get the same C/(l)-decoupling relation using 
C/(l)-decoupling method 

A^^{aua2,...,an-i,n)=0 , (3.23) 

(tG cyclic 
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where T" has been set to be U{1). This similarity intrigues us to ask if there is KK-hke relation for A^'-' . 
If the KK relation is true for A^'-" , the independent partial amplitudes of subleading-color trace will be 
greatly reduced from (n — 1)! to (n — 2)!. Since KK relation can not be derived from C/(l)-decoupling 
method, we need to investigate this problem by unitarity cut method. 

It is worth to mention that the reflection identity and [/(l)-decoupling identity, which have been shown 
to be true, are special cases of KK relation. The first non-trivial KK relation, i.e., KK relation that is 
different from C/(l)-decoupling and reflection relation, appears in six-point case. For example, we can write 
down 

Al^il, 2, 3, 6, 4, 5) = Al^il, 2, 3, 5, 4, 6) + ^f^(l, 2, 5, 3, 4, 6) + ^f^(l, 2, 5, 4, 3, 6) 

+Al^\l, 5, 2, 3, 4, 6) + 5, 2, 4, 3, 6) + 5, 4, 2, 3, 6) . (3.24) 

If above relation is true, it should be true for every triple cut. At first sight it seems obscure, since all 
terms under the triple cut will have the patterns 

AL{h,...,£2,..., i3)ARi-h, ...,-£2,..., -h) , AL{h,...j3,..., e2)AR{-h, -h, . . . , -h) (3.25) 

which are hard to observe relations among them. The matching of every cut in left and right hand sides 
of (I^H) is quite non-trivial. 



There are totally twenty-five different cuts-^^ su, suj and sujk for ( p. 24] ): fifteen two-particle cuts and 



ten three-particle cuts. Equation (3.24) has symmetries {2 o 5,3 o 4} and {1 o 6, 4 o 2,5 o 3}, thus 
many cuts can be related to each other and we need to check only one cut for each orbit given by symmetry 
group. With this consideration, cuts to be checked are reduced to the following eleven: six two-particle 
cuts 

•S12 ~ Si5 ~ S46 ~ S36 ; Sl3 ~ •S14 ~ S56 ~ S26 ; ^45 ~ •S23 ; S34 ~ S25 ; S35 ~ S24 ; SiQ , 

and five three-particle cuts 

•S126 ~ Sise ~ Si36 ~ Si46 ; S123 ~ Sl45 ; •Sl24 ~ •Sl35 ; •Sl25 ; •Sl34 • 

As an example of how terms match up, we consider cut S134, where the expression for Aq'-'Icui is 
relatively simple. For the left hand side of (|3.24| ), we have 

Al^il, 2, 3, 6, 4, 5) \cut = ALiii, l,hA,h, 3)^ij(-^i, 6, -^2,2, -£3, 5) + ^2, ^3} • 



*For general n, there are 2" ^ — (n + 1) different cuts to be considered. 
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For the right hand side, six ^g*-^|cut's have fohowing contributions: 



^(1, 2, 3, 5, 4, 6) \cut = Al{Iu ^,hA,h, 3)^r(-^i, 5, -£2, 2, -4, 6) + ^2, ^3} 

Af^(l,2,5,3,4,6)|ent = 

AL{h, 1,^2, 3,4,^3)(^ij(-4, 2, 5, -£2, -^3, 6) + Ani-h, -I2, 2, 5, -^3,6) + 5, -£2, 2, -^3, 6)) 

1, £2, ^3, 3, 4) 6, -^2, 2, 5, -^3) + Ar{-Ii, -hX 5, -^3,6)) 

1, ^2,4, £3, 3)^r(-4, -^2, 2, 5, -£3,6) + P{^i, ^2, ^3}) , 

and remaining four partial amphtudes have 

^f^(l,2,5,4,3,6)U = (^r(l,2,5,3,4,6)U)l3«4; 
Af^(l,5,2,4,3,6)U = (^f^(l,2,5,3,4,6)U)l(3^4,2«5); 
^f^(l,5,2,3,4,6)|c„i = (.4f^(l,2,5,3,4,6)|,„0l24^5; 
^f^(l,5,4,2,3,6)|,„t = (^f^(l,2,3,5,4,6)|,„t)|(3^4,2«5). 

To compare terms at both sides, we expand them into a chosen basis, i.e., the basis independent to each 
other up to KK relation. The choice we have made here is that leg 3 and 4 of A^-part are at the first and 
last position respectively, while leg 2 and leg 5 of ^R-part are at the first and last position respectively. 
Thus we need to compare coefficients of 24 x 24 basis at both sides. 

In order to make an impression of how these basis match up, we give some details. When we expand 
six ^"^"^'s at the right hand side of (3.24) by the basis, we will get following expression 



RHS\,ut = Al(3, 1, ^2, ^3, 4) X (^2^ij(2, -£3, 6, -£2, -^1, 5) + lAn(2, -^3,6, -£1,-^2, 5) 

+^^(2, -^2, 6, -^3, 5) - Ar{2, -I2, 6, -^3, -^1, 5) + Ar{2, -I2, -is, 6, -ii, 5) + ^^(2, -£3, -^2, 6, -h,5) 

+Ar{2, -i2, -£1,6, -h, 5) + ARi2, -is, -4,6, -£2, 5) - Ar{2, -ii, -I2, 6, -£3, 5) + ^^(2, -4, -^3, 6, -£2, 5) 

+Al{2., h,l,h,i2A) X (2^r(2, -£3, 6, -i2, -li, 5) - Ar{2, -^2,6, -£1,-^3, 5) - Ar{2, -£2,6, -£3, "4, 5) 
+Ar{2, -I2, -£3,6, -h, 5) + Ar{2, -is, -4,6, -4,5) - Ar{2, -4,-4,6, -4, 5) + Ar(2, -4, -4, 6, -4,5) 
-Ar{2, -4, -4,6, -4, 5) - ARi2, -is, -4,6, -4, 5)) + ^^(3, 4,4, 1, 4, 4) x f - 2^^(2, -4,6, -4, -4, 5) 



+Ar{2, -4, 6, -4, -4, 5) + ARi2, -4, 6, -4,-4, 5) + Ar{2, -is, -4,6, -4,5) + Ar{2, -4, -4, 6, -4,5) 
-2A/j(2, -4,-4, 6, -is, 5)) + ^l(3, 4,4, 1,4,4) x (2^jj(2, -is, 6, -4, -4,5) + ^ij(2, -4,6, -4, -4, 5) 

+^^(2, -4, 6, -4, -4, 5) + 3Ar{2, -is, -4, 6, -4,5) + ^ij(2, -4, -4, 6, -4,5)) + P{4,4,4} • (3.26) 
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Similarly, the expansion of left hand side of (|3.24| ) is equal to following expression 

LHSlut = (Al(3,4,1,^2,^3,4)+^l(3,4,1,4,^2,4)+^l(3,^3,^i,1,^2,4) + Al(3,^i,^3,1,^2,4) 

X (^Ar{2, -^2,6, -^3, -4,5) + Ar{2, -^2,6, -4,-^3, 5) + Ar{2, -i^, "4, 6, -4,5) 

+Ar{2, -Is, -£2, 6, -4,5)) + P{4, 4, 4} • (3.27) 

From above expressions, it is very difficult to see that RHS\cut will equal to LHS\cut- But if we explicitly 
write down the terms in -P{-^i, ^2, -^3} of RHS\cut, we will see much cancellations. For example, if we only 
explicitly write down the terms with exchange of £2 and £3 in -P{^i,^2,^3} of RHS\cut, the expression will 
be highly reduced to 

RHS\cut = 

(^l(3, 4 , 1, 4, ^3, 4) + Al{3, 4, 1, 4,4, 4)) X (2Ar{2, -I2, -4, 6, -4 , 5) + 2Ar(2, -^3, -^2,6, -4,5) 
+^^(2, -£3, 6, -4, -4, 5) + Ar(2, -^3, 6, -4, -4, 5) + Ar{2, -£2,6, -4, -4, 5) + ^^(2, -^2,6, -4, -4, 5) 



+ (^AL(3,4,4,l,4,4)+^L(3,4,4,l,4,4)j X (^2^^(2,-^2,6,-4,-4,5)+2^jj(2,-^2,6,-4,-4,5) 

+Afi(2, -^2, -4, 6, -4,5) + A^j(2, -^3, -4,6, -4,5) + Aij(2, -^2, -4,6, -4,5) + ^ij(2, -^1, -£2, 6, -4, 5) 
+CP{4,4,4}, (3.28) 

which can be easily seen equal to LHS\cut- 

Unlike the simplicity of the cut S134, other cuts are more difficult to check. We have implemented it 
in Mathematica and found that for all cuts su, suj and sijjfc, after using the KK relation of tree-level 
amplitudes, the equation ( 3.24 ) always holds. 

Beyond six-point, we have also checked the case of seven-point by Mathematica and the complexity 
increases dramatically with the increasing of n. For seven points, the KK relation is also true. 

Next is the eight-point case, but we found that, by checking several cuts, 

^^^(1, {2, 3}, 8, {4, 5, 6, 7}) ^ J2 A^^(l,a,8), (3.29) 

crGOP{2,3}U{7,6,5,4} 

where "7^" means under the cut, the left hand side is not equal to the right hand side. However, we do 
find that 

A^^il, {2, 3}, 8, {4, 5, 6, 7}) + ^^^(1, {3, 2}, 8, {4, 5, 6, 7}) 

^ A'^il,a,8)+ Yl A'^^il,a,8) , (3.30) 

o-gOP{2,3} U{7,6,5,4} (tGOP{3,2} U{7,6,5,4} 

where "=" means for all cuts the both sides are equal. For another KK relation of ^^<^(1, {2, 3, 4}, 8, {5, 6, 7}), 
it is also not true by unitarity cut method, but we find that 

^ A^^(l,{2,3,4},8,{5,6,7}) =- ^ ^'''{^'^,8) (3.31) 

cj/dic{2,3,4} cyc/ic{2,3,4} o-eOP{2,3,4} U{7,6,5} 
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is true under all triple cuts. It is also strange to find that the relation 

^^^(1, {2, 3, 4, 5}, 8, {6, 7}) = E ^""""(l-^^S) (3-32) 

cyclic{2,3,4} cyclic{2,3,4} (7G0P{2,3,4,5} U{7,6} 

is true under all triple cuts. The case of nine point is too complicated even for the computer. 

The observation of eight point is very mysterious for us and we do not understand why naive KK 
relation fails for higher points. It is possible that KK relation is true for higher points, but our triple cut 
method can not assure it. In other words, although the integrands at both sides do not match up under 
our unitarity cut method, the final integrated results may match up. We are continuing the investigation 
of this problem. 



4. Conclusion 

In this paper we have used the unitarity cut method ^ to study relations among color-ordered partial 
amplitudes of gauge theory at one-loop and two-loop. At one-loop we have proved the known result ( |2.2D 
that partial amplitudes of double trace structure can be completely solved as a linear combination of 
primitive amplitudes by using KK relation of tree-level amplitudes. Our proof gives a clear physical 
picture for the similarity between relation ( |2.2[ ) and tree-level KK relation (^]^). The reflection identity 
of any-loop amplitudes can also be understood explicitly from reflection identity of tree amplitudes by 
unitarity cut method although it can also be understood directly from the pure group property of gauge 
theory. 

At two-loop level, unitarity cut method has also helped us to understand several interesting questions. 
First it is shown that just partial amplitudes of leading-color single trace structure are not enough to 
solve partial amplitudes of other trace structures. This can also be understood by noticing that leading- 
color partial amplitudes include only planar diagrams^^. Then the unitarity cut method leads us to the 
possibility that there is KK-like relation for partial amplitudes of subleading-color single trace structure, 
where examples of six-, seven- and eight-point, have been explicitly studied. 

Our result in this paper is only one little step of the application of unitarity cut method for under- 
standing the relation of loop amplitudes. There are many things which are still not clear and should be 
discussed in future. 

The first thing we want to understand more is the role of tree-level BCJ relation for loop amplitudes. 
In this paper, we have used only tree-level KK relation and have deliberately avoided the use of BCJ 
relation. The main reason is that BCJ relation will involve the kinematic factors se^i, which makes the 
discussion in the frame of unitarity cut method very complicated. The generalization of BCJ relation to 



loop-level has been discussed in [^, |3^, where not the whole partial amplitude, but some parts of 

it have relations. The correspondence of this point in the unitarity cut method is following: we may get 
match up for some cuts, but not for all cuts. Thus we do not get the relation for the whole amplitude. 



^We would like to thank referee for several enlightening remarks. 
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but do get relations for parts of amplitude detected by these matching cuts. Of course, many works are 
needed to make above picture clear. 

The second thing worth to do is to systematically study two-loop partial amplitudes. The mysterious 
KK-like relation for subleading-color single trace partial amplitudes has not been understood. The similar- 
ity has also intrigued us to ask the possibility of BCJ-like relation for subleading-color single trace partial 
amplitudes. Moreover, although the basis found by [/(l)-decoupling method in four-point case is the same 
basis found by unitarity cut method, we are not sure if this will be true for general n. Just like one-loop 



example, (2.2) reduces to J7(l)-decoupling equation for n < 5, but is different for n > 6. 

It is also interesting to use unitarity cut method to discuss partial amplitudes for more than two loops. 
With the increasing of loops, the complexity will also increase a lot, thus a better idea to implement this 
method would be welcome. 
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A. Direct verification of relations for two-loop four-point amplitude 

Two-loop four-gluon partial amplitudes of SU{N) N = ^ super- Yang-Mills theory have been computed in 



1 43 1 by cut method. We would like to verify the relations of two- loop four-point amplitudes directly using 
these results. 

The relations we have obtained are 

= Af^(l, 2, 3, 4) + ^1^(1, 2, 4, 3) + ^f^(l, 4, 2, 3) , (A.l) 

and 

A2,2(l,2;3,4) +A2,2(1,3;2,4) +^2,2(1,4;2,3) =3 ^i^(^) • (^-2) 

In order to verify these two relations, we need to know the corresponding partial amplitudes. In 
partial amplitudes are given as a linear combination of some planar and non-planar basis. Written in our 
convention, the leading-color single trace amplitude is 

2, 3, 4) = AP (1, 2; 3, 4) + < (1, 4; 3, 2) , (A.3) 

and the subleading-color single trace amplitude is 

^(1, 2, 3, 4) = 2Af (1, 2; 3, 4) + 2^f (1, 2; 4, 3) + 2^f (1, 4; 2, 3) + 2Af (1, 4; 3, 2) 

-4^f (1, 3; 2, 4) - 4Af (1, 3; 4, 2) + 2^f ^(1, 2; 3, 4) + 2<^(1, 2; 4, 3) 

+2<^(1, 4; 2, 3) + 2<^(1, 4; 3, 2) - 4<^(1, 3; 2, 4) - 4<^(1, 3; 4, 2) , (A.4) 
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then the double trace amplitude is 

^2,2(1, 2; 3, 4) = (1, 2; 3, 4) + 6Af (1, 2; 4, 3) + 4Af^{l, 2; 3, 4) + 4^f ^(1, 2; 4, 3) 

-2<^(1, 4; 2, 3) - 2Ar(l, 4; 3, 2) - 2Af''{l, 3; 2, 4) - 2AfP{l, 3; 4, 2) , (A.5) 

where and are functions of two-loop planar and non-planar scalar double-box integrals as defined 
in [pi. 



Firstly let us verify ( A.l ). The coefficients of each basis can be directly written down as 





Af(l,2;3,4) 


Af(l,2;4,3) 


Af(l,3;2,4) 


Af(l,3;4,2) 


Af(l,4;2,3) 


^f(l,4;3,2) 


^1^(1,2,3,4) 


2 


2 


-4 


-4 


2 


2 


^1^(1,2,4,3) 


2 


2 


2 


2 


-4 


-4 


^1^(1,4,2,3) 


-4 


-4 


2 


2 


2 


2 



It is clear to see that sum of each basis is zero. The sum for non-planar basis is the same as planar basis, 
thus verifing ( [A.l ). 



Then we continue to verify (A. 2). We consider planar basis, and for the left hand side we have 





^f(l,2;3,4) 


Af(l,2;4,3) 


^r(l,3;2,4) 


Af(l,3;4,2) 


^r(l,4;2,3) 


AP{1,A;3,2) 


^2,2(1, 2; 3, 4) 


6 


6 














^2,2(1, 3; 2, 4) 








6 


6 








^2,2(1, 4; 2, 3) 














6 


6 



The coefficient for each two-loop planar basis is six. It is easy to get the coefficient for each basis of the 
right hand side, which is also six. 

Then let us consider non-planar basis, which come from only the left hand side, and we have 





<^(1,2;3,4) 


<^(1,2;4,3) 


<^(1,3;2,4) 


^r(l,3;4,2) 


<^(1,4;2,3) 


<^(1,4;3,2) 


^2,2(1, 2; 3, 4) 


4 


4 


-2 


-2 


-2 


-2 


^2,2(1, 3; 2, 4) 


-2 


-2 


4 


4 


-2 


-2 


^2,2(1, 4; 2, 3) 


-2 


-2 


-2 


-2 


4 


4 



This gives a zero result, thus verifing ( [A. 2 ) 



B. The proof of identity ^1,1,2(1; 2; 3, 4) = ^2,1,1(1, 2; 3; 4) 

To demonstrate the use of triple cut method, we give the proof of 74i^i^2(l; 2; 3, 4) = j42,i,i(1, 2; 3; 4). 
This identity does not directly come from ?7(l)-decoupling equations, but is obtained from solving these 
f/(l)-decoupling equations. 

Before comparing two sides under various cuts, we need to obtain contributions of a given cut. The 
contributions in general are given by ^^(^i, q(1), ^2, /3, ^3, 7) plus permutations -P(^i, ^2, ^3), where a(l) 
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means that leg 1 belongs to set a. This is equal to fix li at the first position, but fix leg 1 at the set a, 13, 7 
plus £2 ■H- ^3. Using this convention, we write down contributions for the cut Si2- 
For the trace structure Tr(l, 2)Tr(3)Tr(4) we have following terms 

^1 = 1,2,^2,^3) + {1^2}] X [AR{-ii,3,-e3A,-h) + AR{-hA,-l3,^,-(2)] , 

A2 = [Al(4,^2,1,2,£3) + {1^2}] X [AR{-h,3,-£3,-i2A) + ARi-hA,-e3,-i2,3)] , 
As = [Al(4,^2,^3,1,2) + {1o2}] X [AR{-h,-es,3,-£2A) + ARi-ei,-e3,A,-h,S)] , 

Aa = Aii{e2 ^ £3}) , A5 = A2{{e2 ^ £3}) , Aq = As{{e2 ^ h}) , (b.i) 

while for the trace structure Tr(l)Tr(2)Tr(3, 4) we have following terms 

= [AL{ii,l,£2,2,£3) + Al{£i,2J2,1J3)] X [^r(-4,3,4,-£3,-^2) + {3o4}] , 
B2 = [^L(4,l,^2,^3,2) + Ai(4,2,^2,4,l)] X [^^(-4, -^3, 3, 4, -^2) + {3 o 4}] , 
Bs = [^i(4,^2,l,4,2) + ^L(4,^2,2,^3,l)] X [^r(-£i,-£3,-^2,3,4) + {3o4}] , 
^4 = 5i({^2 ^^3}) , = B2{{e2 ^ 13}) , Bq = Bs{{i2 ^ £3}) . (B.2) 
To show the equality, we rewrite 

-2[^l(4,1,2,^2,^3) + ^l(^i,2,1,^2,^3)] =^l(4,1,^2,2,^3)+^l(^i,1,^2,^3,2) 
+Al{£i,2,£2,1,£3) + AL{ei,2,£2,£3,l) , (B.3) 



so the ordering with 1,2 nearby in (BJ) is transferred to the ordering with 1,2 not nearby as given in 
(|B.2|). Similarly using 



-2[Ar{-£i,3, 4, -£2, -£3) + Ar{-£i,A, 3, -£2, -£3)] = Ar{-£i,3, -£2, 4, -£3) + 3, -£2, -£3, 4) 

+Ar{-£i,4, -£2, 3, -£3) + Ar{-£iA, -£2, -^3,3) , (B.4) 

the form in ( [B.2D will become the form in (B.I). Then we just need to put ( |B.3| ) back to ( [B.l[ ) and ( B.4D 
back to ( |B.2D , and compare the terms in Ai and Bi. For example, the term with ordering (^1, 1,-^2, 2, -£3) 
coming from Ai and A2 will be multiplied with 

^[AR(-^i,3,-^3,4,-^2) + Ai?(-^i,3,-£3,-^2,4) + {3o4}] , (B.5) 

while the term with ordering (^1, 1, ^2) 2, ^3) only coming from Bi will be multiplied with 

Ar{-£^,3, 4, -£3, -£2) + Ar{-£i,A, 3, -£3, -£2) , 



which is nothing but ( |B.5| ) according to ( p.4[ ). Other terms can easily be checked using the same procedure. 
Cut si3 and S14 can be checked in the similar way, thus we prove the identity by unitarity cut method. 
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